Introduction
Let G be a semi-simple simply-connected complex algebraic group and T B a maximal torus and a Borel subgroup respectively. Let h = Lie T be the Cartan subalgebra of the Lie algebra Lie G, and W := N(T)=T the Weyl group associated to the pair (G; T), where N(T) is the normalizer of T in G. We can view any element w = w mod T 2 W as the element (denoted by the corresponding German character) w of G=B, de ned as w = wB. For any w 2 W, there is associated the Schubert variety X w := BwB=B G=B and the T? xed points of X w (under the canonical left action) are precisely I w := fv : v 2 W and v wg.
We (together with B. Kostant) have de ned a certain ring Q W (T) (which is the smash product of the group algebra Z W] with the W? eld Q(T) of rational functions on the torus T ) and certain elements y w 2 Q W (T) (for any w 2 W). Expressing we get another matrix C = (c w ?1 ;v ?1) w;v2W with entries in Q(h) (cf. De nition 3.1(b)).
We prove that the formal T-character of the ring of functions on the scheme theoretic tangent cone T v (X w ) (for any v 2 I w ) is nothing but b w ?1 ;v ?1 (cf. Theorem 2.2), where is the involution of Q(T) given by e 7 ! e ? . This sharpens a result due to Rossmann R]. In fact this work of Rossmann, and our own work with B. Kostant on the equivariant K-theory of ag varieties, motivated our current work. The proof of Theorem (2.2) requires the Demazure character formula, and occupies x2 of this paper. We use this theorem to prove that b w ?1 ;v ?1 6 = 0 if and only if v w, and in this case it has a pole of order exactly equal to`(w). Similarly c w ?1 ;v ?1 6 = 0 if and only if v w (cf. Corollaries 3.2).
We study the graded algebra structure on the space of functions Gr (O v;X w ) on the scheme theoretic tangent cone T v (X w ) in x4. Our principal result in this direction is Theorem (4.4), which roughly asserts that the graded algebra Gr (O v;X w ) arises from the natural ltration of the Demazure module v ?1 V w ( ) induced from the standard ltration of the universal enveloping algebra U(u ? ), where u ? is the nil-radical of the opposite Borel subalgebra and V w ( ) is de ned in x1. We use this theorem to derive a result due to Carrell-Peterson asserting that for simply-laced G, a point v 2 X w is rationally smooth if and only if the reduced tangent cone T red (X w ) is an a ne space for all v w (cf. Corollary 4.11). The principal result of our paper is a necessary and su cient condition for a point v 2 X w to be smooth, in terms of the matrix entry c w ?1 ;v ?1 (cf. Theorem 5.5 (b) ). This result asserts that for any v w 2 W, the point v 2 X w is smooth , There is a very similar criterion for a point v 2 X w to be rationally smooth (cf. Theorem 5.5(a)). This criterion of rational smoothness can be easily deduced by combining some results of Dyer and Carrell-Peterson, but we give a di erent geometric proof as that proof is used crucially to prove our criterion of smoothness mentioned above ( i.e. Theorem 5.5(b)). It should be mentioned that the elements c w ?1 ;v ?1 (as well as b w ?1 ;v ?1) are de ned combinatorially and admit closed expressions (cf. Lemma 3.4).
The nil Hecke ring approach to singularity, developed in this paper, is applied to some speci c examples discussed in xx6 and 7. In x6, we determine the precise singular locus of any Schubert variety in any rank-2 group (cf. Proposition 6.1). I believe this result should be well known, but I did not nd it explicitly written down in the literature. In x7, we use our Theorem (5.5) to study the smoothness (and rational smoothness) of codimension one Schubert varieties X i in any G=B. Proposition (7.4) (resp. Corollary 7.6) gives a criterion for a point v 2 X i to be smooth (resp. rationally smooth). This criterion is applied to give a complete list of codimension one smooth (as well as rationally smooth) Schubert varieties in any G=B (cf. Proposition 7.8) .
Finally in x8, we extend our main result giving the criterion of smoothness to arbitrary (not even symmetrizable) Kac-Moody groups (cf. Theorem 8.9). We also extend our result determining the formal character of the ring of functions on the scheme theoretic tangent cone at any v 2 X w to arbitrary Kac-Moody groups (cf.
Theorem 8.6). The proofs in the Kac-Moody case are similar to the nite case, and hence we have been brief and outlined only the necessary changes. There are other criteria for smoothness due to Lakshmibai-Seshadri (for classical groups) LS] L], Ryan (for SL(n)) Ry], ...; and for rational smoothness due to Kazhdan-Lusztig KL] , Carrell-Peterson C] , Jantzen J], ... ; and by works of Deodhar and Peterson rational smoothness implies smoothness for simply-laced groups. It may be mentioned that our criterion for smoothness (as in Theorem 5.5(b) ) is applicable to all G uniformly, in contrast to the above mentioned criteria for smoothness. We refer the reader to two survey articles, one by Carrell C2] , and the other by Deodhar D2] .
The main results of this paper were announced in Ku2].
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Notation
For a complex vector space V (possibly in nite dimensional) , V denotes its full vector space dual. For a nite set S; #S denotes its cardinality.
Let G be a semi-simple simply-connected complex algebraic group, and let B be a xed Borel subgroup and T B a maximal torus. Let B ? be the (opposite) Borel subgroup such that B ? \ B = T. We denote by U (resp. U ? ) the unipotent radical of B (resp. B ? ). Let g; b; b ? ; u; u ? ; h be the Lie algebras of the groups G; B; B ? ; U; U ? ; T respectively. Let 4 h (resp. 4 + ) denote the set of roots for the pair (G; T) (resp. (B; T)). Let f 1 ; ; n g be the set of simple roots in 4 + and let f _ 1 ; ; _ n g be the corresponding (simple) coroots (where n = rank G).
Let W := N(T)=T be the Weyl group (where N(T) is the normalizer of T in G) of G. Then W is a Coxeter group, generated by the simple re ections fr 1 ; ; r n g (where r i is the re ection corresponding to the simple root i ). In particular, we can talk of the length`(w) of any element w 2 W. We denote the identity element of W by e. Let h Z := f 2 h : ( _ i ) 2 Z, for all ig be the set of integral weights and D := f 2 h Z : ( _ i ) 0; for all ig (resp. D o := f 2 h Z : ( _ i ) > 0; for all ig) the set of dominant (resp. dominant regular) integral weights. For any 2 D and w 2 W, we denote by V ( ) the irreducible representation of G with highest weight , and V w ( ) is the smallest B?submodule of V ( ) containing the extremal weight vector e w (of weight w ). Let R(T) := Z X(T)] be the group algebra of the character group X(T) of the torus T. Then fe g 2h Z are precisely the elements of X(T). Let Q(T) be the quotient eld of R(T). Clearly W acts on Q(T) and moreover Q(T) admits an involution (i.e. a eld automorphism of order 2) taking e 7 ! e ? .
For , ? 2 D:
Taking the limit of the maps ' (v; w), we get the T-equivariant map
(2.9) Proposition. The above map '(v; w) is an isomorphism, for all v w 2 W. R(T); given as ( ) = P e 2X(T) n ( )e with n ( ) 2 Z, we say that limit 2 ( ) = P n e , if for any e 2 X(T), there exists 2 such that n ( ) = n for all . Of course limit 2 ( ) may not exist in general.
Observe that if limit 2 ( ) exists, then so is limit 2 (p ( )) , for any xed p 2 R(T). Observe that the existence of the above limit is guaranteed by Proposition (2.9) and the fact that C v ?1 BwB \ U ? ] is an admissible T-module (being quotient of
Finally we come to the proof of Theorem (2.2).
x(2.12) Proof of Theorem (2.2). Write (cf. (4) Then by (1) of De nition (2.10) and (1), (2), (3) as above, we get P limit 2D (e v (y w e )) = limit n!1 (P(e nv o (y w e n o ))) = limit n!1 (P The theorem now follows from the complete reducibility of the T-module 
Then from the Koszul complex we get, (4) From (4) By induction (on`(w)) we assume the validity of (6) Hence by the induction hypothesis (using (8)), (6) follows for w 0 = wr i . This completes the proof of Corollaries (3.2).
(3.3) Remarks.
(1) The (b)-part of the above corollary is due to Rossmann R, x3.2]. In fact, this motivated our theorem (2.2).
(2) The assertions (1) and (2) as above can be derived purely algebraically (cf. KK2, Corollary 4.18 and Remark 4.17(b) 
The following lemma gives an expression for b w;v (and c w;v ) and can be easily proved by using the de nitions.
(3.4) Lemma Lemma (2.4) and Lemma (4.2) .
We now come to the proof of (1) The rst part of the following result follows immediately from Theorem (4.4) and the second part follows from the fact that X w G=B is de ned by linear equations. 
g =`( ).)
In the simply-laced case, by Proposition (4.9) and the above argument, (1) dim(gr red 1 (O e; ?1 X w )) = #S(w; ) =`(w); since v 2 X w is assumed to be rationally smooth. But since gr red is generated (as an algebra ) by gr red 1 , we get a surjective map : S(gr red 1 (O e; ?1 X w )) gr red (O e; ?1 X w ) (where S is the symmetric algebra). But since T red e ( ?1 X w ) is of dim`(w), surjectivity of and (1) force to be an isomorphism. This proves the corollary.
(4.12) Remark. The converse statement of the above corollary is not true in general for non simply-laced g. Take, e.g., g to be of type C 2 or G 2 and w = r 1 r 2 r 1 ; v = e. Since g is of rank 2, (as is well known; and can also be proved by using Lemma 6.2 and Theorem 5.5 (a)) e 2 X w is rationally smooth. But it can be easily seen that T red e (X w ) is not an a ne space. By (2) and (3) By comparing (6) and (7), we get that d = 1, i.e., I is the maximal ideal of O 0;Y .
Smoothness criterion of Schubert varieties
In particular, by (1) of the proof of Proposition (5.2), gr(O 0;Y ) is graded isomorphic with the polynomial ring C X 1 ; : : : ; X`]. So we get that the point 0 2 Y is smooth, and hence the point v 2 X w is smooth. This proves the theorem completely. (5.6)Remarks. (1) The (a) part of the above theorem can also be proved immediately by combining a result of Dyer Dy, Proposition x3 ] with a result of Carrell-Peterson C, Theorem E], i.e., we can avoid the use of Corollary 3.2(b). But our proof has the advantage that a similar argument (as seen above) gives our criterion for smoothness as in the (b)-part of the above theorem.
(2) In the case (a) as above (i.e. if v 2 X w is rationally smooth), the constants d are in fact positive integers for any v w (cf. Remark 5.3).
(3) There are some examples of v 2 X w (where X w is even a codimension one Schubert variety in G=B) such that c w ?1 ;v ?1 satis es condition (1) of the above theorem, but v is not a rationally smooth point of X w (cf. Remark 7.9(a)). In particular, to check the rational smoothness of a point v 2 X w , it is not su cient (in general) to check the validity of condition (1) only for = v.
(4) It is a result of V. V. Deodhar D] that any rationally smooth Schubert variety is in fact smooth for G = SL(n). This result has recently been extended for any simply-laced G by D. Peterson. As is well known, this result is false in general for non simply-laced G.
Singular locus of Schubert varieties in rank-2 groups
As an immediate corollary of Theorem (5.5), we obtain the following result determining the singular locus of all the Schubert varieties in the case of any rank two group. I believe it should be well known, but I did not nd it explicitly written down in the literature. We follow the indexing convention as in Bourbaki B] . (1) X r 1 r 2 r 1 ? X r 1 (2) X r 1 r 2 r 1 r 2 ? X r 1 r 2 (3) X r 2 r 1 r 2 r 1 ? X r 2 r 1 (4) X r 1 r 2 r 1 r 2 r 1 ? X r 1 r 2 r 1 (5) X r 2 r 1 r 2 r 1 r 2 ? X r 2 Proof. As is well known, for any rank-2 group G, any v 2 X w is rationally smooth.
(This can also be obtained from Theorem 5.5(a) and the following Lemma 6.2.) In particular, c w ?1 ;v ?1 satis es identity (1) of Theorem (5.5). Now the proposition follows immediately by combining Theorem (5.5)(b) and the following lemma.
The following lemma can be easily proved by a straightforward calculation using the de nition of the elements x r i in the nil Hecke ring Q W (cf. De nition 3.1(b)). (m ? 1) 2 (r 1 2 )(r 1 r 2 1 ) ( r 1 ? r 1 r 2 )+ 1 2 (r 2 1 )(r 2 r 1 2 ) ( r 2 r 1 ? r 2 r 1 r 2 )? 1 (r 1 2 )(r 1 r 2 1 )(r 1 r 2 r 1 2 ) ( r 1 r 2 r 1 ? r 1 r 2 r 1 r 2 ) (d) x r 1 x r 2 x r 1 x r 2 x r 1 = 1 1 (m ? 1)(2 ? m) 2 (r 1 2 )(r 2 1 )(r 1 r 2 1 ) ( e ? r 1 ) + (2 ? m) 2 ( _ 1 ) 2 (r 2 1 )(r 1 2 )(r 2 r 1 2 ) ( r 2 ? r 2 r 1 )+ (m ? 2) 2 ( _ 1 ) 2 (r 1 2 )(r 1 r 2 1 )(r 1 r 2 r 1 2 ) ( r 1 r 2 ? r 1 r 2 r 1 )+ 1 2 (r 2 1 )(r 2 r 1 2 )(r 2 r 1 r 2 1 ) ( r 2 r 1 r 2 ? r 2 r 1 r 2 r 1 ) ? 1 (r 1 2 )(r 1 r 2 1 )(r 1 r 2 r 1 2 )(r 1 r 2 r 1 r 2 1 ) ( r 1 r 2 r 1 r 2 ? r 1 r 2 r 1 r 2 r 1 ) ; where m := 1 ( _ 2 ) 2 ( _ 1 ).
7. Singularity of codimension one Schubert varieties in G/B Let w o be the longest element of the Weyl group W (of G). As is well known, the codimension one Schubert varieties in G=B are precisely of the form X w ; where w = w o r i for a simple re ection r i . In particular, the number of such Schubert varieties in G=B is equal to n := rank G. We denote the Schubert variety X w o r i (1 i n) by X i . Let i 2 h Z be the i th (1 i n) fundamental weight, de ned by i ( _ j ) = i;j . L( i ) on G=B corresponds to the irreducible divisor X i G=B with multiplicity 1 (use, e.g., the Chern class calculation for the line bundle L( i ) ). This, in particular, implies that the ideal I of the irreducible hypersurface Y u ? (with the reduced structure) is generated by the function ' (cf. also C2, Proposition 4.6] . This gives that (as graded T-algebras), (2) gr ( This proves the second equality of (1). First equality of (1) 
Combining (2) and (3) The`in particular' statement of the lemma follows from Deodhar's conjecture (cf. Theorem 5.1).
By virtue of Proposition (7.1), Lemma (7. 3), and Theorem 5.5(b), we get the following characterization of the smooth points in the Schubert varieties X i .
(7.4) Proposition. Let X i (1 i n) be a codimension one Schubert variety. Then, for any v w o r i 2 W, the following are equivalent:
(a 1 ) v 2 X i is smooth. But by Lemma (7. 3), S(r i w 0 ; v ?1 ) = + nf g, and hence (1) follows from (2). This proves the implication (a 3 ) )(a 1 ).
The`in particular' statement of the proposition follows from the equivalence of (a 1 ) and (a 3 ) since X i is smooth if and only if e 2 X i is smooth.
By the same proof as above for the implication (a 3 ))(a 1 ) (alternatively, by using Lemma (7. 3) with C, Theorem E]) we obtain the following: We follow the indexing convention of simple roots as in B, Planche I-IX]. The following lemma follows easily from the explicit knowledge of roots, coroots, fundamental weights etc. as given in loc. cit. As a consequence of the above lemma, we get the following complete list of codimension-1 Schubert varieties which are smooth or rationally smooth.
We assume that G is a simple group in the following proposition. Proof. The (c)-part follows immediately by combining Proposition (7.4) with Lemma (7.7).
To prove the (d)-part, in view of Corollary (7.6) and Lemma (7.7) , it su ces to show that in all the cases covered by (b) of Lemma (7 We freely use the notation without explanation from B; Planche I-IX]. In the cases (B n 3 ; i = 2); (C n 3 ; i = 2) and (D n 4 ; i = 2) take any 2 W satisfying ( 1 ) = 1 , ( 3 ) = 2 . Then i ? ?1 w 0 i is not a multiple of any root.
In the cases (E 6 ; i = 2), (E 7 ; i = 1), and (E 8 ; i = 8), i is the highest root 0 .
In these cases take any 2 W satisfying ( 2 ) = 0 (observe that ?w 0 0 = 0 and the W-orbit W 0 consists of all the roots), then i ? ?1 w 0 i is not a multiple of any root. In the case (F 4 ; i = 1), (resp. F 4 ; i = 4), 1 (resp. 4 ) is the highest (resp. a short) root, in particular, W 1 consists of all the long (resp. short) roots. Take any 2 W satisfying ( 2 + 3 ) = 1 (resp. where V max w ( ) V max ( ) is the B-submodule generated by the extremal weight space V max ( ) (w ) of weight w , and the vertical maps are the canonical restriction maps.
For any non-zero e 2 C , de ne e 2 V max ( ) as e (e ) = 1 and e (y) = 0, for any weight-vector y of weight 6 = . Now de ne the section s e 2 H 0 (G=B; L( )) by s e = (e ).
The following lemma follows immediately from the Birkho decomposition KP, The following proposition follows easily from Lemma (2.3) and Theorem (8.2). By an argument identical to the proof of Theorem (2.2) (as given in x2.12), and Corollaries (3.2) (using Proposition 8.4, Lemma 8.5, and Ku, Theorem 3.4]) we get the following analog of Theorem (2.2) and Corollaries (3.2) for an arbitrary Kac-Moody group G.
(8.6) Theorem. Let Rest of the argument to prove the proposition is similar to the proof of Proposition (5.2) provided we replace u ? by U ? and use the following simple
